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Abstract 
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1 Introduction 



In this paper we study WZW model with defect on a world-sheet with and without 
boundary. The main result of this paper is proof of symplectomorphism between 
the phase space of the WZW model with defects on strip or cylinder and moduli 
space of flat connections on disc or annulus respectively with sources. 

To explain our results we start by reviewing Chern-Simons (CS) gauge theory 
with compact gauge group G on three-dimensional manifold of the form S 2 m xR, 
where R is time direction, and S 2 m is two-dimensional sphere S 2 with m holes, 
and n time-like Wilson lines [5JI25]. Later we will say often briefly CS theory on 
S 2 m suppressing "times R". 

It was conjectured in [5] that Hilbert space of quantized Chern-Simons theory 
on5^ m x R, were n time-like Wilson lines assigned with representations Ai, . . . A n 
must be of the form 

H= ^....A,, /A, ■■■II:,. (1) 

Tl,...T m 

where H n are the representation spaces of LG corresponding to the highest 
weights Tj, and V Klt _ Kl is the Hilbert space corresponding to quantizing of Chern- 
Simons theory on sphere S 2 with / Wilson lines assigned with representations 
Ki, . . . Ki. The latter is space of conformal blocks of the WZW model with group 
G with dimension 

dimV; = iV m N^ 2 ■ ■ ■ N Kl (2) 

where are fusion coefficients of the WZW model with group G. 

Let us now compare formulas (CQ) and (ED with different partition functions of 
WZW model. The diagonal torus partition function of RCFT is 

Z = ^2xi(l)Xi*(q), q = exp(2i7ir) (3) 

i 

Comparing it to <Q and d2} we see that it corresponds to Hilbert space of CS 
theory on annulus. This observation was made in [3]. Using the Lagrangian of 
the WZW model [23], it was proved in J3HZHI3] that classical symplectic phase 
spaces of the WZW model on circle indeed coincides with symplectic phase space 
of the CS theory on annulus. 
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The annulus partition function between Cardy states corresponding to pri- 
maries a and b is 

Z ab = Tv Hab (q L °~M) = NSXiti) (4) 

i 

Comparing it to ([I]) and (J2J) we see that it corresponds to Hilbert space of CS 
theory on a disc with two Wilson lines. Using the Lagrangian formulation of 
the WZW model on a world-sheet with boundary suggested in [SHHE], it was 
proved in [15] that classical symplectic phase space of the WZW model on a strip 
coincides with symplectic phase space of CS theory on a disc with two Wilson 
lines. 

Now we will show that inclusion of defects [JUICES], ETHICS] and permutation 
branes [8ll9lll21l211l22] allows to generalize these results to include also the following 
three situations: 

1. CS theory on annulus with arbitrary number of Wilson lines, 

2. CS theory on disc with arbitrary number of Wilson lines, 

3. CS theory on sphere with two Wilson lines and arbitrary number of holes. 

The torus partition function with insertion of a defect X a corresponding to 
primary a is given by formula: 

Z a = Tr (x a q L °-^f = £ N^xMxM (5) 

ii 

The comparison of (JSJ) with formulas (PQ) and fl2]) reveals that Hilbert space 
of WZW model with one defect coincides with Hilbert space of Chern-Simons 
theory on annulus with one Wilson line. Using defect fusion rule 

X a X b = J2N c ab Xc (6) 

c 

the formula (j5]) can be generalized to the insertion of iV defects: the torus parti- 
tion function with insertion of iV defects corresponding to primaries dj is 

Z ai ...a N = ^&mV ai .._ aN>i jXi(q)Xi(q) (7) 

i,i 

implying that Hilbert space of WZW model with N defects coincides with Hilbert 
space of Chern-Simons theory on annulus with N Wilson lines. 
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Using the fact that defects can be fused with boundary states producing new 
boundary states 

X a \b) = Y,N d ab \d) , (8) 

d 

one can compute the annulus partition function between Cardy states correspond- 
ing to primaries a and b with insertion of a defect corresponding to primary c: 

Z ab , c = Tr Hab (X c q L °~%) = £ N* c N« dXt (q) (9) 

d,i 

Comparison with ([1]) and (J2J) shows that Hilbert space of WZW model on 
annulus with defect coincides with Hilbert space of Chern-Simon theory on disc 
with three Wilson lines. This result can be generalized to the insertion of any 
number N of defects as well: the annulus partition function between Cardy states 
corresponding to primaries a and b with insertion of N defects corresponding to 
primaries d{ is 

Z a b,di—dN 

= 2j dimKb (?) (io) 

i 

It corresponds to Chern-Simons theory on disc with N + 2 Wilson lines. 
The annulus partition function between two permutation branes on two-fold 
product of the WZW models, corresponding to single copy primaries ai and ci2 is 

Za u a 2 =J2 N a!rN r kl Xk(q)Xl(q) (11) 
r,k,l 

Partition function (ITTj) corresponds to CS theory on annulus with two Wilson 
lines. Again ( II ip can be generalized for permutations branes on iV-fold product: 
the annulus partition function between two permutation branes corresponding to 
single copy primaries a x and a 2 on iV-fold product is 

Z aua 2 = dimV ai,a 2 ,il,-i N Xh((l) ■ ■ • Xijv (?) ( 12 ) 

il,...i N 

Partition function ( IT2l) corresponds to CS theory on sphere with N holes and two 
Wilson lines. 

Given these results it is natural to assume that classical symplectic phase 
spaces of the WZW model with defects, suggested in [UJ and with permutation 
branes suggested in [22] should coincide with simplectic phase space of the CS 
theory in the mentioned situations as well. In this paper we prove that it is the 
case. 



4 



The paper is organized in the following way. In the section 2 we review 
symplectic form on moduli space of flat connections on S^ n . In section three 
we review symplectic phase space of WZW model on a cylinder. In section four 
we review symplectic phase space of WZW model on a strip. After all these 
preparations in section five we present symplectic phase space of WZW models 
on cylinder and strip with N defects and show that they have the same structure 
and symplectic form as symplectic moduli space of flat connections on annulus 
with iV sources and disc with N + 2 sources respectively. In the last section 
we show that symplectic phase space of the iV-fold product of WZW models on 
strip with boundary conditions specified by permutation branes coincides with 
symplectic moduli space of flat connections on sphere with N holes and with two 
sources. 



2 Moduli space of flat connections on 

Here we present details on symplectic form on moduli space of flat connections 
on sphere S 2 m with n Wilson line and m holes. 

Let us at the beginning recall some essential points on the CS theory with 
Wilson lines. 

It was shown in [51125] that phase space of CS theory on manifold of form 
M x R, where M is two-dimensional Riemann surface, R is time direction, with 
n time-like Wilsonian lines assigned with representations Aj, is moduli space Vs% 
of connections A on M satisfying the equation: 

k - 

—F(z)+iY,Ti5(z- Zi ) = Q (13) 

i=l 

where F = dA + A 2 and Z{ are points where Wilson lines hit M. Ti are conjugacy 
classes in the Lie algebra g 

T t = Vi\ t v-\ Vi e G (14) 

where Aj take values in the Cartan subalgebra. Recall also the following remark 
[51 US]- The symplectic form on moduli space of flat connections on sphere with 
n sources and m holes can be decomposed as sum of symplectic forms on moduli 
space of flat connections on sphere S 2 +m with n + m sources and m copies of 
the symplectic form on moduli space of flat connections on the two-dimensional 
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disc with one source D\. 

m 

Q S 2 =Q S 2 +Vfi Dl (15) 



8=1 



Decomposition (I15p implies that to write symplectic form on P52 m it is enough 
to know symplectic form on Vg 2 q and Vdi ■ 

The symplectic form on the moduli space of flat connections on 2-dimensional 
manifold M with n sources is given by formula 

A = A tr / (<L4) 2 + i Vtr(A^r^) 2 ) (16) 
47r ^ 

where A satisfies ( 1T31) . The 5 denotes here exterior derivative on moduli space. 
For the case of disc with one source flT6l) takes form: 



n 4vr 

and solution of (1T31) is: 



n Dl = ^ I tiiSAf + iMXiv-Hv) 2 )] (17) 



A = -yrjXri^d^ - dr]^ 1 (18) 
re 

where is angular coordinate on the disc, rj G G is single- valued on the disc and 
77(^1) = u. 

To calculate (|T71) it was proved in [2] the following useful lemma: Suppose 
that 

A = riBrf x - di]if x (19) 
where B is a gauge field and r] E G. Then 



w = tr / (8 A) (20) 
Jd 

can be written as 

w = tr / {(5fi) 2 -2(5[F B ^ 1 ^]} + tr / {q-H-qd^- 1 5rj) + 2<5[ J BrT 1 N} (21) 

</£> idD 

where Fb = <^-B + -B 2 . One can prove this lemma by straightforward calculation. 
Using this lemma one can easily obtain 

^d, = [ -r tx{r 1 - 1 8r,)d{'n~ 1 8r,) + ^tr^A^ -1 *^) 2 )^ (22) 

JdD 47T 271 
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It is shown in (20] that geometrical quantization of the coadjoint orbits of LG 
with this form leads to the integrable representation H\ of the affine algebra g 
at level k. By this reason later we denote this form Q LG (r], A). 

To compute symplectic form on the sphere with sources it was suggested in [2] 
the following strategy. We choose a reference point Pq on sphere and draw loops 
li around each source point Zi starting and ending at the chosen reference point 
P . After that we cut out a sphere along these loops. After this operation we 
have n discs Di centered around sources Zi, and each of which having as boundary 
one of these loops dDi = —li, and additionally disc Dq whose boundary formed 
by the sum of all of them: 8Dq = Y^=i h- 

Introducing local angular coordinate 0, on discs Di around point Zi one can 
locally write as before (1181) 

Ai = --T]i\iT)l d(f>i - druv^ 1 (23) 

= / ^(v^HMvT^Vi) + i_tr(a i (r / ri^) 2 )^ (24) 

The solution (12 3 p implies that holonomy Mj of flat connection around point 
takes value in conjugacy classes Cf. 

Mi = ^e^Sf (25) 

On disc D there are no sources and one has usual flat connection 

A = -dr] 7]Q l , rjo EG (26) 

The corresponding symplectic form again easily derived form the lemma above: 

n = A f tr{rrt d(?rt )} (27) 

47r J dD 

Now for symplectic form one can write 

n 

n sl>o = n + J2ni= (28) 

k f 2i 
4^zJ / teiVo^Vodivo^Vo) -rj^Srjid^Srn) - — A^r/" 1 ^) 2 ^} 

The last thing which we should do is to match connection A with connections 
Ai along the boundaries of D and Di. 

Mk = Mh ( 29 ) 
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Equation (l29|) easily can be solved 

i 

Vo\h = Vi\k exp(-Ai0j)A^i (30) 
where iVj is constant. Denote values of r] at end points and Pi of li by 

Ki = r] (pi) Ki_ x = r/ofe-i) (31) 
Equation (l30l) implies that they satisfy 

K t K~\ = Mi (32) 
Remembering that rji is single-valued on the disc we have also 

rjiijPi) = Vi(Pi-i) (33) 
Going around full boundary of D implies 

M n ■ ■ • Mi = 1 (34) 
Inserting ( 1301) to ( 1281) one obtains: 



n *.o = iE^ 1 ^" 1 ^]^ = -^Efc^Wot (35) 

i=l i=l 

Using f[3"Tj) . fjHHj) and f[3"2l finally we arrive to 

, n , n 

i=i i=i 

u; Ai (M,) = tr^r^e^/V 1 ^" 2 ^) (37) 

One can solve ( 132]) for i^j. Let us remark that without loss of generality one can 
choose 7] in such a way that its value K is equal to the unity element. After 
that the Ki will be given by products of Mf 

K i = M i ---M 1 (38) 

At this point we should note that the derivation above is carried out in the 
assumption that all holonomies Mj taking values in conjugacy classes with fixed 
Aj. Actually what happens that some of them indeed take values in the fixed 
conjugacy classes, but some of them rather should be considered as taking their 
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values in continuous families of conjugacy classes, which would be reduced to 
discrete families upon quantization. This can be also understood from the formula 
(13~4"|) . requiring the product of all holonomies to be unity. It is clear from this 
formula, that one can solve for one of the holonomies, say M n in the term of 
product of others M n = Mf • • ■ M~\. But product of conjugacy classes is not 
a conjugacy class. Hence, we should decompose M n as continuous family of 
conjugacy classes. Given that after quantization we obtain space of conformal 
blocks, this consideration implies that the discrete family which will be derived 
after quantization is determined by fusion rules. Now we are ready to describe 
moduli space of flat connections on sphere with sources. Assume we have k 
holonomies Mj with fixed conjugacy classes, and n — k Mj with holonomies in 
continuous families. In this case 

V S 2 o = (Mx,...,M k ,r] k+ i,\k + i,...,r) n ,\ n )/G (39) 

with the relation (|34p where Mj = rjje 2 ' K ^^ k "qJ l , j — k + 1, . . . , n. G acts here 
by simultaneous adjoint action on Mj, i = l,...k, and by left action on rjj, 
j = k + 1, . . . n. This action is induced by the local gauge transformation of the 
gauge connections. The mentioned holonomies with continuous A will modify also 
obtained symplectic forms for disc and sphere. The symplectic form on moduli 
space of flat connections on a disc with one source ( 1221) will take form 

k f 2 2 

n LG (r], A) = — / tr^ 1 ^)^" 1 ^) + -rt^A^ -1 ^) 2 )^ - ytr^A?]" 1 ^)^ 
47r J dD k k 

(40) 

and the form ( 13T)|) will be modified by the following term: 

n 

Y, HiSXjr,-^) (41) 

j=k+l 

Let us briefly explain how quantization of the moduli space of flat connection 
on S 2 with form (|3"oT) leads to the space of conformal blocks considered in intro- 
duction. Another important result obtained in [2] is that by a change of variables 
symplectic form ( 1361) can be written as sum of Q PL forms, 

n 

Q si = J2 QPL ( M ^ ( 42 ) 
i=i 

where 

VL PL (M) = tu x (M) + L~ 1 6L + LZ l 5L„ (43) 
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L + and L_ here are components of the Gauss decomposition = M. On 

the other side it is known that quantization with Q PL leads to the highest weight 
representations T q> \ of the deformed enveloping algebra U q (g) [UI7JI23]. Hence 
quantizing Vs* with the form fl n leads to the tensor product ^Tq^ . Gauge 
transformation of gauge connections give rises on the quantum level to the diag- 
onal action of U q (g) on <8iY q \.. Therefore, in the first approximation, we obtain 
the subspace of invariant tensors of that action. More precisely, the subspace of 
invariants may be equipped with a semipositive scalar product and one should 
divide by the subspace of null-vectors. The quotient spaces are isomorphic to the 
spaces of conformal blocks of the WZW theory. 

Combining this with comment after formula ( 12 2 p and decomposition (1150 we 
obtain ([T]). 

We finish this section by writing explicitly formula ( )36l) for the cases n = 3 
and n = 4, which we need in next sections. For the case of n = 3 

k 3 k 
Q slo = ^ 5>^ M ») + ^{&M X M?M^8M 2 ) (44) 

i=l 

For the case of n = 4 the second term in (136|) can be written in two equivalent 
forms: 

u _i_ u 

Q S 2 q = — ^ u Xi (M^ + —tr(5M 1 M{ 1 M^ 1 6M 2 + 5M z M^ l M^5M A ) (45) 

i=l 



or 



k k 



tt S 2 Q = —Yux i (M i ) +—tr(dM 1 Mi 1 M2 1 5M 2 +5M 1 Mi 1 M2 1 Mz 1 5M 

(46) 



3 Bulk WZW model 

In this section we review canonical quantization of the WZW model on the cylin- 
der E = R x S 1 = (£, x mod 2n) [U0EI3]. The world-sheet action of the bulk 
WZW model is 

S hul \g) = ^ Jji{g- l d + g){g- l d_g)dx + dx- + ^-J^ wz {g) (47) 
where x ± = x ± t, and 

u wz {g) = hrig-^g) 3 (48) 
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The phase space of solutions V can be described by the Cauchy dataQ at t = 0. 

g(x)=g(0,x) and £ (x) = # -1 %(0, x) (49) 
The corresponding symplectic form is [13] 



k 



2tt 



Qbulk = / u{g)dx (5Q) 

4vr Jo 

where 

11(g) = tr {-SZog-^g + (Co + g^dMg'^g) 2 ) (51) 

The 5 denotes here as before exterior derivative on the phase space V. It is easy 
to check that the symlectic form density H(g) has the following exterior derivative 

611(g) = d x u wz (g) (52) 

what implies closedness of the Q 

5tt hulk = (53) 
The classical equations of motion are 

d-J L = and d+J R = (54) 

where 

Jl = —ikd+gg~ x and Jr = ikg~ x d_g (55) 
The general solution of (1541) satisfying boundary conditions 

g(t,x + 2n) = g{t,x) (56) 

is 

g(t, x) = g L (x + )g^-(x~) (57) 
with gL t R satisfying monodromy conditions 

g L (x + + 27i) = g L (x + ) 1 (58) 

g R (x~ + 2tt) = g R {x-)-y (59) 



1 Surely we can choose any time slice, but for simplicity we always below take slice t = 0. 
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with the same matrix 7. Expressing the symlectic form density IT(g) in the terms 
°f 9l,r we obtain 

n = tr [g L l 5g L d x (gl l 5g L ) - gR X 8g R d x (g^ x 6g R ) + d x (gl x 6g L g^ x 5g R )] (60) 
Using (16T)]) and (EH]), dSH]) one derives for Q 

fi bulk = Q L -Q R (61) 

where 

k r 2n k 
Q L = — / tr {glHg^iglHgj)) dx + —trfe^^^O)^" 1 ) (62) 

t/ 

and Qr is given by the same formula with g R — > gi- The chiral field gi can be 
decomposed into the product of a closed loop in G, a multivalued field in the 
Cart an subgroup and a constant element in G: 

g L = h(x)e^ k g^ (63) 

where h G LG, r G t ( the Cartan algebra) and g G G. For the monodromy of 
gf,we obtain 

7 = Soe 2 '^ V (64) 
Parametrization (163]) induces the following decomposition of VLl 

Q L = Q LG (h, r) + ^-Urirf) + ^[{i8r)g^ x 8g Q } (65) 
where Vt LG (h, r) is the form ( 1401 : 

n LG (h,r) = —f \x[hr x &hd x (hr x 8h) + ^(/i-^/i) 2 - ^{8T)hr x 8h\dx (66) 
47T Jg k k 

and w r (7) is the same form as defined in (I57|) : 

w T ( 7 ) = tr^^oe^^o '^oe" 3 ^/*] (67) 



Comparing ( 1611 with ( 115]) for n = and m = 2, we see that symplectic phase 
of the WZW model on circle coincides with that of CS theory on annulus. 
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4 Boundary WZW model 



Here we review canonical quantization of the WZW model on the strip M = 
Rx [0, tt] for maximally symmetric boundary conditions [15]. Let us remind some 
well-known stuff on Lagrangian formulation of the WZW model on a world-sheet 
with boundary [3J1H11T7]. Consider at the beginning the case when M has one 
boundary. It is well established that maximally symmetric boundary conditions: 

Jl = —Jn\dM (68) 

requires fields on boundary take values in discrete set of conjugacy classes: 

g\ d M eC^ = (5e 2 ^ k (5-\ (3eG (69) 

where fi =/x • H is a highest weight representation integrable at level k, taking 
value in the Cartan subalgebra. 

To write down action of WZW model one should choose auxiliary disc D 
satisfying condition dB = M + D, and continue g on that disc always taking 
values in conjugacy class. With such a set-up action takes form 

^boundary = ^bulk _ A f u ( 70 ) 

where is the form defined in ( 1371) . This form satisfies the condition 

^ WZW Q?)Uc M = cH (71) 

which guaranties that the action (1701) is well defined. In the case of several 
boundaries the condition (169]) should be imposed on each boundary component, 
and the corresponding boundary two-form should be added for each component 
as well. 

From the paragraph above follows that for the case of strip we should impose 
the following boundary conditions 

g(t,0)eC^ g(t,n)eC^ (72) 

The solution of bulk equation of motions (|5^|) with boundary conditions (l68l 
is found in [T3]. It takes again the form ( 157)) but with g L R satisfying: 

9l{v + 2tt) = gzivh, and g R (y) = g^-y)^ 1 (73) 
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The equations (J73J) imply 

g(t,0) = g L {t)g R \-t) = g L (t)h g L \t) 

and 

g(t, 7r) = g L (n + *)</fl X (7r - t) = </l(-tt + t)-fh gl 1 (-'K + t) 
Therefore to be in agreement with (|72p one should require 

fco e C^,, and jh = K e 

The symplectic form on the phase space of the WZW model on the strip is: 

k 



47T 



n(^)da; + a;„ o (^(0,0))-a;„ (^(0,7r)) 



(74) 
(75) 

(76) 
(77) 



The equations (|52|) . (1711) imply that the form (1771) is closed. Inserting ( 15T|) in (1771) 
one obtains: 



47T. 



fi*ri P= / tv{gl l 5g L d x {glHg L ))dx- tv(g^6g R d x (g^5g R ))dx (78 



+^(9L ls 9Lg R 1 Sg R )(7r) - tr(g L 1 5g L g R 1 5g R )(0) 
+u; Mo (s(0,0))-^(0,7r)) 

Using ( 1731) we obtain: 

/■27T 

^(g R X ^gR9x(g R X Sg R ))dx = / tr{gZ x 8g L d x {gZ l 8g L ))dx (79) 
-tr(/i Hh^glHgL^)) + ti(h 1 8h^glHg L { r 'K)) - tr^" 1 ^ 1 ^^)) + tr(5 77 - 1 ^ 1 5p L (-7r)) 

With the help of the following useful formula obtained in [6]: 

w/(ACA _1 ) = o;/(C) + trtA'^ACA-^AC- 1 ) + t^C^C + SCC-^X'HX (80) 

one can show 



^o(p(0,0)) - toisii x 59L9R X &9R)(P) ~ to {hQ X 8hogj}8gL (0) ) = u; Mo (/i ) (81) 



and 



- ^(^(0, tt)) + tr(^ 1 ^ L ^ 1 5( 7R )(7r) + trih^ShogZHgLi-n)) (82) 
+tr(5 77 - 1 ^ 1 ^ L (-7r)) = -c^( 7 /i ) + tr(<ta /io V^7) 
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Collecting all we receive 

^ strip = V L + A [^(/^ _ vj^ho) + tr(5/i /io 1 7- 1 57)] (83) 

Finally again using for g L decomposition ( 155|) and taking into account (155]) one 
obtains: 

^strip = flLG^ r j + ^bndry (g^ 



where 



tf™^ = tr[(^r)<rto] + ^ [ Wr ( 7 ) + u^ho) - u^h ) + tr^MoV 1 ^)] 

(85) 

Recalling (1TB"]) we see that boundary phase space is 

V hDdry = (ho,K,9o,T)/G (86) 

subject to relation 7/10 = ft^, where 7 = go^ 2wT ' k 9o ■ As explained in formula 
(|39|) this is moduli space of flat connections on sphere with three Wilson lines 
Vsi ■ The symplectic form f[8"5j) coincides with ( I44p with the term ( )4"Tj) . Com- 
paring ( )84|) with ( 1T5|) for n = 2 and m = 1, we see that symplectic phase space of 
the WZW model on the strip coincides with that of CS theory on the disc with 
two Wilson lines. 

5 WZW model with Topological defects 
5.1 Closed strings 

Let us assume that one has defect line separating world-sheet on two regions 
Si and E 2 . In such a situation WZW model defined by pair of maps g\ and 
gi- Maximally-symmetric topological defects defined as defect lines satisfying 
conditions: 

Jlx = Jl 2 \ defect line 

and J Rl = J R2 \ defect line (87) 

It is shown in [11] that the conditions (IHTj) imply that on the defect line fields 
gi and g% satisfy the constraint 

Sl^ldefect line = F G C„ = Pe™*"'" P~\ (3 G G (88) 

where \i =/x • H, as before, is a highest weight representation integrable at level 
k, taking value in the Cartan subalgebra. To write action of the WZW model 
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with defect one again should introduce auxiliary disc satisfying conditions 

8B X = Si + D and dB 2 = E 2 + D (89) 



and continue fields g\ and g 2 on this disc always holding the condition ( l88j) . After 
this preparations the action takes form [TT| : 



5 = <? bulk (si) + 5 bulk (^ 2 ) + A jf ^ ^ (90) 

where 

#2) = ^(F) - Ti{g^ 1 dg 1 g 2 l dg 2 ) (91) 
The form (19TT) satisfies the equation: 

dw(g 1 ,g 2 ) = UJ WZ (#1 ) | defect - W WZ (0 2 )|defect (92) 



Equation (l92j) guarantees that the action fl90l is well defined. 

Now consider WZW model on the same cylinder as in section 1, and put 
defect line at x = a in parallel to the time line. 

The solution of the ( 1541) with defect conditions ( 1BTI) is again given by ( 1571) 
on bulk for both fields, but with gL 1 ,gR 1 ,gL 2 ,9R 2 satisfying the following defect 
conditions: 

9lM = QlMK 1 (93) 



~ lf a- 



The equations ( 1931) imply 



F(t,a) = g x g 2 1 (t,a) = g Ll (a+t)g R l(a-t)g R2 (a-t)g L *(a+t) = gLi(a+t)m a h a g L l 

(94) 

Therefore to satisfy the boundary condition (IHHl) we should require 



m a h a = d a e C Ma (95) 

Given that we consider WZW model on cylinder we should additionally require 

g 2 (t,2n) = gi (t,0) (96) 

The condition (196]) imposes the following relation on monodromies jl, 1r of gh x 
and g Rl : 

g Ll (y + 2n) = g Ll (y)lL (97) 
g Rl (y + 2ir) = g Rl (y)^ R 
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and 

IrIl = m ah a = d a (98) 

It is instructive to compare (l9*8"j) to ( )58l) and ( 1591) . We have seen in section 1, that 
in the absence of defect left and right monodromies are equal, whereas presence 
of defect creates relative shift between them equal to the defect conjugacy class. 
The symplectic form now is: 

r ra p2tt 



dcfl 



The conditions 



Air 



and 



a pztv 

U(g 1 )dx + / Tl(g 2 )dx - w(g 1 (0,a),g 2 (0,a)) 

J a 



imply that 

5Q del1 = 



(99) 



(100) 



Substituting (1601 in fl99|) one obtains: 

47T 



k 



dcfl 



te(g R }8g Rl d x (gJ8g Rl ))dx (101) 



^(QL^gLMg^SgL^dx 
+ / ^{9ll^9L 2 d x {gll5g L2 ))dx - / tr{g R l6g R2 d x (g R l5gR 2 ))dx 

J a J a 

+^(g L i 6 9L 1 g R 1 1 Sg Rl )( y a) - tr^-^^-i^XO) 
+ tr te 2 1 ^ 2 ^ 2 1 ^ 2 )( 27r ) - tr^Lo 1 ^^ 1 ^)! ) - ^(^i(0,a),^ 2 (0,a)) 
Using (|93|) and (180]) one can check that 

-tu(g 1 (0,a),g 2 (0,a)) - tr(g^5g L2 g R l5g R2 )(a) + tr (g L ^ 5 g Ll g R l5g Rl ) (a) (102) 
+ti(h- 1 5h a g Ll 5g Ll )(a) + tT(5m a m~ 1 g R lSg Rl )(a) = -uj^ a (d a ) + tr^/^m^mj 

and 

tr(^L 2 1 ^2^-(^Z 2 1 ^L 2 )) = tr(^ i 1 ^ Ll <9 :r (^ i 1 ^ Ll ))-9 :E (tr(^ 1 5/i a ^ Ll ^ Ll )) (103) 

te(g R l$g R2 d x (gRl5g R2 )) = tT(g R l5g Rl d x (g R l8g Rl )) + ^(^((Jm.m; 1 ^ 1 ^)) 

(104) 

Collecting all we get: 

47T 



-0 



dcfl 



(105) 



2tt 

^(gLl5g Ll d x (g^8g Ll ))dx 



2tt 

^{g^gnMg^gn^dx 



+ti(5h a h a l m a l 5m a ) - ti(h a 1 5h a g Ll 5g Ll )(2n) - tv{5m a m a 1 g R \5g Rl ){2 
-^(gI^g Ll gRlSg Rl )(0) + tT( y g^Sg L2 g R 1 2 5g R2 )(2TT) - u)^(d a ) 
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Note that dependence on the insertion point a is completely dropped. This 
reflects topological nature of the defect. Using ( 197)) and (l9~5j) we derive 

Qdefl = nL _ nR + |_ tr(57j?7 -l 57L7 ~l) _ iLu^da) (106) 

Finally using decompositions of g^ x and g Rl ( l63i) : 

9L 1 = h L e^ k g and g Rl = h R e* r **/ k f (107) 

with 7 L and 7^: 

7i = ^oe 2i7rri/ V and 7* = f e 2i ^ k f^ (108) 
and the corresponding decomposition of £Il,r (l65|) we arrive at 

^defl = j _ QLG^ Tr ) + ^defiine (109) 

fi dcflincl = tr[(<^)</o ^flb] - tr[(N/o -1 %] (HO) 
+ [ Wr ^ 7L ) ~ ^nilR) + tr(57 J? 7^ 1 5 7L 7 i r 1 ) - w Ma (d a )] 

Remembering ( 1951) we see that defect phase space is 

V** 1 = (d a ,g Q ,T L ,f ,T R )/G (111) 

subject to relation 7^ 1 7l = d a with 7^ and 7^ given by (11081) . This is moduli 
space of flat connections on sphere with three Wilson lines "Ps% - The form (II 101) 
coincides with f lH|) with terms ()4ip . Comparing (I109p with ffT5|) for n = 1 and 
m = 2, we see that symplectic phase space of the WZW model on circle with one 
defect coincides with that of CS on annulus with one Wilson line. 

Let us briefly present the case of the two defects insertion. 

Now let us put two defect lines, one at point x — a, and the second at point 
x = b, again both in parallel to time line. In this situation the world-sheet 
separated on three region, Ei, S 2 and E 3 , and correspondingly the WZW model 
is defined by three maps g%, g 2 and g 3 . At each point should be satisfied defect 
conditions ( 1571) . bringing as before to the following solution of the equations of 
motion: 

9L a (y)=9L 1 (y)ha 1 > 9l 3 (v) = 9L 2 (y)K 1 ( U2 ) 

9R 2 (y) = 9Ri(y) m a, 9r 3 (v) = 9R 2 (y)m b (113) 
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m a h a = d a e C Mo , m b h b = d b e C^ b 

Requiring the condition of closedness of string 



(114) 



<fe(27r)=0i(O) (115) 
brings to the following constraint on monodromies: 

g Ll (y + 2n)=g Ll (y)lL (116) 

g Rl (y + 2tt) = g Rl (y)~/ R (117) 

7^ 1 7l = m a m b h b h a = m a d b m~ 1 d a = d b d a (118) 

Note that relative shift between monodromies is equal to product of defect con- 
jugacy classes. The symplectic form is: 



Q def2 = k_ 

An 



I U( gi )dx+ / U(g 2 )dx+ / n{g 3 )dx-w{ gi (0,a),g 2 {0,a))-w{g 2 {0,b),g 3 {0,b)) 

J a J b 

(119) 

Repeating the same steps as before we obtain: 



n dei2 = nLG^ Tl) _ n LG (h R , T R ) + fi dcfline2 (120) 

^ dcfiinc2 = tT[(i5r L )g^8g } - tfSfo] (121) 

k r ~ ~ 

+ 4~ r^ 1 ^ ~ w tr(7b) - u^ida) - u^ b (d b ) + tr(57 fl 7^ 1 57 L 7^ 1 ) + tr (d' 1 6 d b 6 dad' 1 

The defect phase space now is 

V dei2 = (d a ,d b ,go,T L ,fo,r R )/G (122) 

subject to relation 7^71, = d b d a , with 7^ and j R given by ( 11081) . This is phase 
space (1391) for n = 4. The form f ll 21 ft coincides with (145p with terms (14ip . 
Comparing ( I120p with flT5|) for n = 2 and m = 2, we see that symplectic phase 
space of the WZW model on circle with two defects coincides with that of CS on 
annulus with two Wilson lines. 

These two examples can be easily generalized to the insertion of N defects. 

From these examples one can conclude that the defect phase space of the 
WZW model with TV defects insertion is 

V dciN = (d u ...d N , g , r L , f , r R )/G (123) 



19 



subject to relation j^Jl = Yl i=1 d i} d { G where C Mi = f3 i e 2i7Tt " l/k f3~ 1 , with j L 
and 7^ given by (I108p . This is phase space ( 139]) for n = N + 2. We see that 
defect fusion rule §6§ corresponds in the classical picture to the multiplication 
of the corresponding conjugacy classes. By the cumbersome but straightforward 
calculation we can again check that the symplectic form on the defect phase 
space (I123p is equal to symplectic form on the moduli space of flat connections 
on sphere with N + 2 sources Q02 

1 °JV+2,0 

At the moment it is clear to author how to derive this result case by case by 
brute force calculation. More general understanding is desirable. 

5.2 Defects in open string 

In this section we consider WZW model with defect on strip. Assume again that 
we have defect at point x = a in parallel to the time line. The strip is divided to 
two parts with fields g\ and g<i- We should impose here boundary conditions at 
x = on gi, requiring 

9l {t, 0) e C, = p e^%\ 0o e G (124) 

then defect condition at x = a, requiring 

g 1 g 2 1 (t, a) G C, a = P a e 2i ^ k fc\ (125) 
and finally boundary condition at x = tt on g 2 , requiring 

g 2 (t, tt) g = /3y^ k (3-\ & G G (126) 
Equations (11241) and (11251) as before yield: 

9rM = 9LA-y)K l (127) 

9l (0,t) = g Ll (t)g^(-t) = g Ll (t)h g^(t) (128) 
ho G C m (129) 



9L 2 {y) = olMK 1 
9R 2 (y) = gnAy) m a 

m a h a = d a G C /Lta 
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(130) 



(131) 



k 

^strip— dcf 

47T 



To solve the last boundary condition (I126p we assume that gi 1 has monodromy 
matrix 7: 

g Ll (y + 27r) = g Ll (y)l (132) 
Using (11271) and f)130p one obtains: 

9L 2 (y + 2tt) = g L2 (y)h a -ih~ l (133) 
9R 2 (y) = 9L 2 {-y)h a hQ l m a (134) 
Equations (11331) and (11341) imply 
92(n,t) = g L2 (ir + t)g R l(7r-t) = g L2 (-ix + t)h a ^h^ 1 m~ 1 h h- 1 g L ^(-7T + t) (135) 
To satisfy (11261) one should require 

lK lm a lh = l d a lh = K€ (136) 

It is again instructive to compare (I136p to ( ITS]) . We see that presence of defect 
again requires to include defect conjugacy class. This is classical analogue of the 
defect-boundary fusion (jSJ). The symplectic form is 

/»7T 

U(g 1 )dx+ / IL(g 2 )dx - zvMO, a), g 2 (0, a)) +^(^(0,0)) - u^(g 2 (0,7i)) 

J a 

(137) 

Executing the same steps as in previous sections we finally obtain: 

^strip-def = QLG^ T j + fi bndry-dcf (138) 

where 

fi bndry-def = ^[^g-^] + A + - LU^(K) - U, a (d a ) (139) 

+tr(d- 1 5h h 1 d al - 1 5 1 ) + tr( 7 ^ 1 5 7 ^ 1 5rf a ) + tr (5 dj- 1 5 h h x )] 
The boundary-defect phase space is 

pbndry-def = ^ ^ ^ ^ r)/G {UQ) 

subject to relation 7<i~ 1 /i = h^, where h G C Mo , G C M7r , <i a G C^ a , and 
7 — 5 , o e2i7rT//fc 5'o" 1 - This is phase space (l3"9"j) for n = 4. We see that (I139p coincides 
with ( 1461) . Comparing ( 11381) with (IT5l) for n = 3 and m = 1, we see that symplectic 
phase space of the WZW model on strip with one defect coincides with that of CS 
theory on disc with three Wilson lines. As we explained in the previous section, 
consideration here can be generalized to the case of insertion of the arbitrary 
number of the defect lines as well, yielding the symplectomorphism between phase 
space of the WZW model on strip with iV defects with that of CS theory on disc 
with N + 2 Wilson lines. 
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6 Permutation branes 



Maximally symmetric permutation branes on two-fold product of the WZW mod- 
els G x G is defined as boundary conditions satisfying the relations: 

Jh ± = —JR 2 \dM (141) 

and 

Jl 2 — —JrAom (142) 

Here label 1 and 2 refer two the first and the second copy. It was shown in [5] 
that conditions (1141ft and ( 11421) imply that values of g\ and g 2 on the boundary 
constrained by the relation: 

gm\dM = FeC, = f3e 2 ^ k f3~\ (3 e G (143) 

It is shown in [22] that in the Lagrangian approach to the boundary WZW model 
as explained in the section 4, the permutation branes correspond to Lagrangian: 

S = S h » l \ 9l ) + S b « lk (g 2 ) -±J M9U 92) (144) 

where 

uv(9i,92) = + Ti(g^ 1 dg 1 dg 2 g 2 1 ) (145) 

The form (11451) satisfies the equation: 

du V (g 1 ,g 2 ) = U WZ {gi) (boundary + W^^) | boundary (146) 

Equation ( 11461) guarantees that the action (I144p is well defined. Consider now 
two-fold product on a strip with boundary conditions ( I14ip and (11421) imposed 
at points x = and x = it. It is possible to show that equations of motions (1541) 
with these boundary conditions can be solved by ( 15 7p on bulk for both fields with 
9L^gR^9L 2 ,gR 2 satisfying: 

g Ll (y + 2K)=g Ll (y) ll (147) 
g L2 (y + 2ir) = g L2 (y) l2 (148) 

9 R M = 9LA-y)h l (149) 

9Ri(y) = 9L 2 (-y)n r io 1 (150) 
From dUSJ), (11501 we obtain: 
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F(0,t) = g Ll (t)m h g-^t) (151) 
Therefore to be in agreement with (I143p we should require: 

m h =p eC IM0 (152) 

Equations (11471) and (j!48j) further imply 

F(n,t) =5f Ll (-7r + t)7im 7 2 /io5 , L 1 1 (- 7r + i ) ( 153 ) 
Therefore we additionally should require: 

7 1 m 7 2 /io = JiPoK 1 72^o = 7iPo72 = V-k G C M?r (154) 

where 

72 = h^^ho (155) 
The symplectic form corresponding to the action ( 11441) on the strip is 

fi P = ^ / (n(^ 1 ) + n(^ 2 ))da; + a;p(^(0 ) 0) ) ^(0,0))-a;p(^(0,7r)^ 2 (0,7r)) 

(156) 

Repeating the same steps as explained in the previous sections we obtain: 

tt v = n LG {h u n, ) + Q LG {h 2 , t 2 , ) + n bndr y-P erm (157) 



^bndry-pcrm = ^ + tr [(iS^f^Sfo] (158) 

47T 

tr(po ^Po^T^ 1 ) - tr (7f 1 SliSPoPo X ) - tr 0o Sf^TiPo^T^ 1 )] 



+ 7Z Ki(7i) + ^(72) + w M (p ) - w^CPw) 



Comparing (ITSij) to (^2J, ( IITHD to (0SJ, and finally (TToTj) with (USD for n = 2 
and m = 2, we see that symplectic phase space of the WZW model GxGon 
strip with boundary conditions specified by permutation branes coincides with 
that of CS on annulus with two Wilson lines. The generalization to the case of 
permutation branes on iV-fold product is again cumbersome but straightforward. 
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